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Abstract 

The Hamiltonian potentials of the bending deformations of n-gons in E 3 studied 



in [KM | and | Kly [ give rise to a Hamiltonian action of the Malcev Lie algebra 
V n of the pure braid group P n on the moduli space M r of n-gon linkages with 
the side- lengths r = (ri, r n ) in E 3 . If e 6 M r is a singular point we may 
linearize the vector fields in V n at e. This linearization yields a flat connection 

V on the space C™ of n distinct points on C. We show that the monodromy of 

V is the dual of a quotient of a specialized reduced Gassner representation. 

AMS subject classification: 53D30, 53D50. 



1 Introduction 



In |[KM|| and [ Kly [ certain Hamiltonian flows on the moduli space M r of n-gon link- 
ages in E 3 were studied. In |KM] these flows were interpreted geometrically and called 
bending deformations of polygons. In [ Klyj| , Klyachko pointed out that the Hamilto- 
nian potentials of the bending deformations gave rise to a Hamiltonian action of V n , 
the Malcev Lie algebra of the pure braid group P n (see §3), on M r . It is a remarkable 
fact, see ||K1| , Lemma 1.1.4], that a representation p : V n — > End(V), dim(V) < oo, 
gives rise to a flat connection V on the vector bundle C" x V over C™, the space 
of distinct points in C. Accordingly the monodromy representation of V yields a 
representation p : P n —> Aut{V). 

We see then that if we can find a finite dimensional representation of the Lie 
algebra B C C co (M T ) generated by the bending Hamiltonians under the Poisson 
bracket , i.e. if we can "quantize" B, then we will obtain a representation of P n . 
Klyachko suggested using a geometric quantization of M r to quantize B. This appears 
to be difficult to carry out because the bending flows do not preserve a polarization. 
Note however that the problem of quantizing a Poisson subalgebra of C°°(M r ) can be 
solved immediately if the functions in the subalgebra have a common critical point 
x G M r . For in this case we may simultaneously linearize all the Hamiltonian fields 
at x. We are fortunate that simultaneous critical points for the algebra B exist if M r 
is singular. Indeed, a degenerate n-gon (i.e. an n-gon which is contained in a line L) 
is a critical point of all bending Hamiltonians. 
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The point of this paper is to compute the representation p e>r : P n — > Aut(T^ r ) 
associated to a degenerate n-gon P. Here T^ r = T P (M r ) and e = (ei, e„), e; G 
{±1}, and r = (ri, ...,r n ),Tj G R+, are defined as follows. Fix an orientation on L. 
The number is the length of the i-th edge of P. Define e$ to be +1 if the i-th edge 
is positively oriented and = —1 otherwise. We call e = (ei,...,e n ) the vector of 
edge-orientation of P. 

Our formula for p tr : P n — > End(T e>r ) is in terms of certain n x n matrices Jij(X) 
which are called Jordan- Pochhammer matrices. Let A = (Ai, A n ) be an n-tuple of 
complex numbers. Define matrices Jij(X) for 1 < i < j < n by 
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Define Ju = and J^(A) = Jji(X) for % > j. We have (as can be verified easily) 
Lemma 1.1 The matrices {Jij(X)} satisfy the infinitesimal braid relations: 

• [Jij(\),MX)]=0if{iJ}ri{k,l} = Q. 

• [JijWi JijW + Jjk(X) + Jki(X)] = 0, i,j, k are distinct. 

Consequently the assignment p\(Xij) = Jij(X) (see Section 3 for the meaning of 
Xy) yields a representation p x : V n — > M„(C) and a flat connection V on C" x C n . 
Here we realize C n as the space of row vectors with n components. It is immediate 
that the subspace <Cq C C n defined by 



{z G C n : z i = °) 



is invariant under p A , in fact P\(V n )(C n ) C Cq. Now we assume Yli=i ^ = 0- Then 
A G Cq and we see that p\(V n )(X) = 0. Thus we have a P n -invariant filtration 

CAcQc C n . 

Define W\ = Cq/CA. Now let P be a degenerate n-gon with side-lengths r = 
(ri, ...,r n ) and edge-orientations e = (ei, ...,e„). Our first main theorem is 

Theorem A. There zs a V n -invariant almost complex structure J e on T e r such 
that there is an isomorphism ofV n -modules = W\ forX := (^/— Tei^i, V~ l e n r n)- 

Here T e \> r ° = {w G T e>r ® C : J e w = ^/-lw}. We have 

Corollary. The flat connection on C™ x T}^ has the connection form 



= E 

l<i<j<n 



dzi — dzj 



<g> Jy(A) 
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with X as above. 



We then adapt the methods of |[K1|| to give formulae for multivalued parallel 
sections of V in terms of hypergeometric integrals and to compute the monodromy 
of V. 

Before stating our first formula for the monodromy of V we need more notation. 
Let 7^, 1 < j < n, be the free generators of the free group F n . Define the character 
X : F n -> C* by x(lj) = e 2 "^', 1 < j < n (recall that Xj = ^-Lefj). Let C x -i be 
the 1-dimensional module (over C) in which the free group F n acts by x 1 - The pure 
braid group P n acts by automorphisms on F n so that the character x is fixed. Thus we 
have the associated action of P n on Hi(F n , C x -i). We let T n = ^(CP 1 — {zi, z n }) 
be the fundamental group of the n times punctured sphere. Hence Y n is the quotient 
of F n by the normal subgroup generated by 71 . . . j n . Since xili ■ ■ ■ In) = 1, the 
character x induces a character of T n . The group P n fixes 71 . . . j n and consequently 
acts on T n and on Hi(r n , C x -i). We can now state 

Theorem B. The monodromy representation of V is equivalent to the represen- 
tation of P n on Hi(r n , CL-i). 



In §|10| we define the Gassner representation of the pure braid group, the reduced 
Gassner representation and their specializations via characters of the free group. Let 
C is the C-algebra of Laurent polynomials on t±, .., t n . 

Theorem C. The monodromy representation o/V is dual to the quotient of the 
reduced Gassner representation Z 1 {T n ,C) specialized at tj = e~ 2 ' Ke ^ r \ where we quo- 
tient by the 1-dimensional subspace S 1 (r n ,C x ) fixed by P n . 



Our results appear to be related to those of [ L)M| and [Co but there are significant 



differences. In |[Lo||, D. D. Long linearizes the action of P n on the moduli space of 



n-gon linkages in S obtained from the action of P n on 

Hom( 7 r 1 (5 2 - K z n }), SU(2))/SU(2) 
by precomposition. The corresponding action of P n on M r is trivial in our case, see 



[KM] , Remark 5.1]. In ||DM|| , Deligne and Mostow arrive at the Gassner representa- 



tion by considering a variation of Hodge structure over C™/PGL2(C) C M r . They 
obtain the quotient (by the 1-coboundaries) of the reduced Gassner representation 
specialized at (e 2ntTl , e 2mrn ); we obtain the dual of the quotient of the reduced 
Gassner representation specialized at (e _27reiri , e _27re ™ rn ). Here we must assume 
r i = 2 to be consistent with ||DM]| . Our representation lies in GL{n — 2,R); 



their representation is in U(n — 3, 1). 

Acknowledgements. It is our pleasure to thank Ragnar Buchweitz and Richard 
Hain for helpful conversations. 



2 The moduli space of n-gon linkages in E 3 . 

Let Pol n {E 3 ) be the space of (closed) n-gons with distinguished vertices in the 
Euclidean space E 3 . An n-gon P is defined to be an ordered n-tuple of points 
(v 1, v n ) G (E 3 )™. The point Vi is called the z-th vertex of P. The vertices are joined 
in cyclic order by edges ei, e n where is the oriented segment from t>j to v i+ \. We 
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think of ti as a vector in IR 3 . Two polygons P = (vi, ...,v n ) and Q = (wi, ...,w n ) are 
identified if and only if there exists an orientation-preserving isometry g of E 3 such 
that g(vi) = Wi, 1 < i < n. Let r = (r\, r n ) be an n-tuple of positive real numbers. 
Then M r is defined to be the moduli space of ra-gons with the side-lengths r\,...,r n 
modulo isometries as above. An element of M r will be called a closed n-gon linkage. 

We will also need the moduli space space N r of "open" n-gon linkages. To obtain 
N r we repeat the above construction of M r except we do not assume the end vertex 
v n+ i of the edge e n is equal to v%. 

The starting point of [|KM| was the observation that 



M r = {e = (ei, e n ) G J] S 2 ^) : e x + ... + e n = 0}/SO(3). 

8=1 

This equality exhibits M r as the symplectic quotient of IlT=i ^ 2 ( r *) an< ^ nas man y 
consequences. First M r is a complex analytic space with isolated (quadratic) singu- 
larities. The smooth part of M r is a Kahler manifold. The singular points of M r are 
the equivalence classes of degenerate n-gons. Thus M r is singular if and only if r is 
the set of side-lengths of a degenerate n-gon. 



In ||KM|| we introduced bending deformations of closed polygonal linkages in E , 
see also ||Kly|| . Suppose P = e = (ex, ...,e n ). Let / C {1, ...,n} be a subset and define 
f I eC 0O (M r )by 

fi(e) = \\J2^\ 2 - 

Then // is the Hamiltonian potential of a Hamiltonian vector field Bi. The vector 
ej = Ylii&i e i ls constant along an integral curve of Bj. By [[KM] , Lemma 3.5], Bj(e) = 



(8x, 8 n ), where 5i = ej x e«, i G /, and 5i = for % £ I. The integral curves of Bj 
are obtained as follows. Define an element ad(ei) G so(3) by 

ad(ei){y) = ej x v 

and a one-parameter group Ri(t) C 50(3) by 

Ri(t) = exp(t ad(ei)). 

Then the integral curve e(t) of Bj passing through e is given by 

etit) = i?/(t)ei,i G / 

e j(t) = e id £ L 

This motion of a polygon P has a simple geometric interpretation if the elements of 
I are consecutive. In this case ei is a diagonal and it divides the polygon into two 
parts. Keep one part fixed and bend the polygon by rotating the other part around 
the diagonal with the angular speed ||e/||. For this reason we call the above motion 
a bending deformation of the polygon. We will be specifically interested in the case 
I = {i, j}, i < j . We abbreviate /{ij} to and B^jy to Bij . We have: 

fij(e) = Wei + ejf. 
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Lemma 2.1 Let e G M r be a degenerate polygon. Then JB^(e) = for all i,j. 
Proof: The bending field is given by 

Bij(e) = (0, {ei + ej) xe*,0, (ei+e,-) x e 3 -, 0, ...) = (0, ...,ej x e i; 0, ...,6j xe 3 ,0, ...). 

If e is degenerate then and are linearly dependent, so x e_j = 0. □ 

Remark 2.2 In fact Bi(e) = for all I if e is degenerate. 

Define N r := Yl7=i S 2 ( r i) where 5 2 (rj) is the round 2-sphere of the radius r». We 
also define M r C iV r by 

n 

M r = { e e N r ■ J^ e * = °}- 

i=i 

Hence N r is the quotient of N r by 5*0(3) and M r is the quotient of M r by 5*0(3). 

3 The Malcev Lie algebra of the pure braid group. 

Let P n be the pure braid group on n strands in C (see JC], §1]). Let C" denote the 
subset of C n consisting of distinct n-tuples. Then P n is isomorphic to the fundamental 
group of C™. 

Let V n be the Malcev Lie algebra of P n , see ||ABC|| . Kohno found the following 



presentation for V n in ||K2| | (see also [E Proposition 3.2.1]). 

Lemma 3.1 The Lie algebra V n is the quotient of the free Lie algebra over Q gen- 
erated by Xij, 1 < i, j < n, subject to the relations: 

1. X u = 0, 1 < i < n. 

2. = Xji, 1 < i,j < n 

3. [x ih x kl \ = if{i,j}n{k,i} = ®. 

4- [X^, X^ + Xjk + Xki] = 0, i,j, k are distinct. 

We will now see that any finite dimensional representation of V n induces a finite 
dimensional representation of P n on the same vector space. This remarkable fact is 



an immediate consequence of the following lemma of Kohno [|K1|, Lemma 1.1.4] 



Lemma 3.2 Suppose V is a finite dimensional vector space and Aij,l < i,j < n, 
are elements of End(V) such that An = and Aij = Aji. Let V be the connection on 
the trivial V bundle over C™ with connection form 



l<i<j'<n 1 ^ 



Then V is flat if and only if the relations ( 3) and (4) for V n are satisfied by the A^ 's. 
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Thus there is a 1-1 correspondence between Lie algebra homomorphisms p : V n — > 
End{V) and flat connections V on C™ x V of the above form. Suppose we are given 
p as above. Since 7Ti(C", z) = P n {z is a base-point), the monodromy representation 
of V gives an induced representation of P n to Aut(V). 

Let F : C" — > V be a smooth map. Then F induces a parallel section of V if and 
only if F satisfies the equation (of the V-valued 1-forms on C") 

l<i<i<n 1 J 



4 A Hamiltonian action of V n on M r . 

We define the function on iV r by 



k + e 7 - 



The next proposition was proved in |[Kly|| . Since it is central to our paper we give a 
proof here. 



Proposition 4.1 1. = f^. 

2- {&,/«} = o, if{i,j}n{k,l} = $. 

3 - {fij, fij + fjk + fki} = 0, ifi,j, k are distinct. 



Proof: The assertions (1) and (2) are obvious. The third assertion will be a conse- 
quence of the following discussion. Since N r is a symplectic leaf of the Lie algebra 
(R 3 , x) equipped with the Lie Poisson structure it suffices to prove (3) for the func- 
tions extended to (M 3 )™ using the same formula. Let <7y : (R 3 ) n — > R be given by 
9ij(e) = 6j ■ ej and h ijk : (lR 3 ) n -> R be given by h ijk (e) = e { ■ (ej x e k ). 

Lemma 4.2 {gij,gjk} = -h ijk . 

Proof: It suffices to prove the lemma for i — 1, j — 2, k — 3. We use coordinates 
(xj, Zj), 1 < z < n, on (R 3 ) n . Then 

{xi, yi} = Zi, {y h Zi) = Xi, {Zi, Xi] = yi, 1 < % < n . 

We have 

{#12, 923} = {xix 2 + ym + ziz 2 , x 2 x 3 + y 2 y 3 + z 2 z 3 } = 
= {xix 2 , y 2 y 3 } + {x 1 x 2 , z 2 z 3 } + {y x y 2 , x 2 x 3 } + {y x y 2 , z 2 z 3 } + {z 1 z 2 , x 2 x 3 }+{z t z 2 , y 2 y 3 } = 
= x x y 3 z 2 - x x y 2 z 3 - x 3 y x z 2 + x 2 y x z 3 + x 3 y 2 z x - x 2 y 3 z x = -e x ■ (e 2 x e 3 ). □ 



Corollary 4.3 f jk } = -4e< ■ (e 3 - x e k ). 
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Proof: fij = fa + fjj + 2gij. But fa and fjj are Casimirs. □ 
We now prove the 3-rd assertion. 

{fij, fij fjk fki\ {fij, fjk} {fij, fkif {fiji fjk} {fji, fik} 

{fij, fjk} + {fji, fik] = -4e f • tj xe k - Atj • x e fc = -4e« ■ tj x e k + Ad ■ {tj x e k ) = 0. 
□ 

Since the function is S'0(3)-invariant it induces a function (which is again 
denoted by fij) on M r . The Poisson bracket of these functions remain the same and 
we obtain 

Theorem 4.4 There exists a Hamiltonian action of the Lie algebra V n on the sym- 
plectic manifold N r . This action induces an action on M r . 

^From Lemma 3J. and Proposition O we see that if we can find a finite-dimensional 
representation of the Lie subalgebra of C°°(M r ) generated by {fij, 1 < i < j < n} 
then we will get a representation of P n . As explained in the introduction we obtain 
such a representation on T e (M r ) for a degenerate n-gon e. 



5 Linearization of the bending fields at degenerate 
polygons. 

This section is the heart of the paper. We compute A t j e End(T e (M r )), the lineariza- 
tion of the bending field By at a degenerate polygon e G M r . Now assume that e is 
degenerate, so we may write 

e = (nexu, ...,r n e n u) 

for some vector u G S 2 and ti = ±1. 

Let M be a manifold, m G M. We recall the definition of the linearization 
Ax G End(T m (M)) of a vector field X at a point m where X(m) = 0. Choose a 
connection V on T(M). Let u G T m (M), then 

A x (u) := (V M X)(m) 

Since X(m) = 0, Ax is independent of the choice of connection. 

For the case in hand the above definition must be modified since M r is singular 
at e. There is a commutative algebra version of the above construction that goes as 
follows. Assume M is a real afline variety, m G M and A is a vector field on M 
satisfying X{m) = 0. Let m be the maximal ideal of m. Then (since X{m) = 0) 
we have Am C m whence Am 2 C m 2 and A induces an element of End (m/m 2 ) = 
EndiT^M)). By duality we obtain A x G End(T m (M)). The reader will verify that 
if m is a smooth point of M then the two definitions coincide. 

We now compute the linearization of Bij at e in M r . Recall that we have a diagram 

M r ► XV 

I I 

M r ► X r 



7 



where N r = S 2 (n) x ... x S 2 (r n ) and M r = {e G N r : £" =1 e * = °}- Define ^ : 
N r — > R by <7ij(e) = ||ej + e-,-|| 2 . Hence <7ij|M r is S'0(3)-invariant and descends to the 
function on M r . Let -Bij be the Hamiltonian vector field of gij. Then 

Bij(e) = (0, . . . , ej x e h 0, . . . , e, x e,-, 0, . . . ) 

and hence vanishes at e and is tangent to M r . The induced field on M r will be 
denoted B'^. Then 5^ projects to B^ on M r . We note dimT e (N r ) = 2n, dimT e (M r ) = 
2n-2 and dimT e (M r ) = 2n - 4. 

Remark 5.1 Smce e is a singular point of M r we have 

dimT e (M r ) = 2n - 4 > dimM r = 2n - 6. 

We will first compute the linearization of B^ at e in iV r (e is a smooth point on N r 
so we use the first procedure) to obtain Aij G End(T e (N r )) . Then Aij will preserve the 
subspace T e (M r ) C T e (N r ) whence we obtain an induced element A'^ G End(T e (M r )) . 
But there is an exact sequence 

V e -> T e (M r ) -> T e (M r ) 

where V e = {5 : 3t> G M 3 such that Si = e, x t> , 1 < 2 < n}, we note that dimV e = 2. 
We will verify that ^(y e ) C V e (in fact ^-(14) = 0). Hence A' {j will descend to 
T e (M r ). The resulting element of End(T e (M r )) will be A^-, the linearization of B^ 
at e. 

Accordingly we begin by computing the linearization A^ of B^ on T e (N r ). Thus 
will be 2n x 2n matrix (instead of a 2n — 4 x 2n — 4 matrix). 
Another advantage in passing to N r is that T e (N r ) is now a direct sum of the 
tangent bundles of the factors 

T e {N r ) = @UTeXS\r i )). 

The Riemannian connection on N r is a direct sum of the Riemannian connections on 
the summands. Thus we may write (for 8 G T e (N r )) 

Aij(8) = (0, Vi(ej x eO, 0, Vjfe x ej ), 0, ...). 

We will suppress the zeroes in the above row vectors henceforth. 

Lemma 5.2 

A l3 (5) = (ux5 t ,ux 5 3 ) *fj _e f j 



Proof: In the above formula for we use the Riemannian connection V on S 2 . 

We will compute using the flat connection V on T(M 3 )|S' 2 and then project back into 
T(S 2 ) to get V. We have 

V<s(ej x d) = Sj x d + x 5, 
Vj(ej x ej) = Si x e,- + x <5,-. 
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Evaluating at e we obtain 

Vs(ej x ej)| e = 6jrj(5j x u + CjTjU x <5j = e^r^ii x <5j — x 5j. 

Since the right-hand side is in T e (S 2 ) we have also 

V$(ej x ej)| e = €jTjU x ^ - e^u x 5,-. 

Finally V,$(ej x ) j e = — V,5(ej x e») | e and the lemma follows. □ 

We now relate the action of P n on T e (N r ) we have just computed to the action on 
T e (M r ). We recall that M r = {e G N r : £)" =1 e { = 0} whence T e (M r ) = {5 G T e (iV r ) : 
SILi ^ = 0}- We nave the 2-dimensional subspace V e of tangents to the S'0(3)-orbit 
through e described above. Thus we have a filtration F, given by 

V e C T e (M r ) C T e (N r ) 

and a canonical isomorphism 

T e (M r )/V e ^T e (M r ). 
We now show that V n preserves the above filtration. 
Lemma 5.3 1. V n T e (N r ) C T e (M r ). 

2. V n V e = 0. 

Proof: (1) is immediate. We prove (2). Suppose 5 G V e . We claim 

5j x ti + e 3 - x 5i = 0, 1 < i < j < n. 

Indeed, 

5j x e« + ej x5i = (e 3 - x«)x ej + e_,- x (e* x t>) = (e 3 - x t>) x e« + (e-,- x e«) x t> + ej x (e^ x t>). 

But e is degenerate, so x = 0. □ 
We collect our results in 

Theorem 5.4 1. There is a V n - stable filtration 

V e C T e (M r ) C T e (iV r ). 

5. T e (M r )=T e (M r )/V e . 

3. There is an isomorphism 

(f> : T e (N r ) — > T U (S 2 ) <g) M™ 
suc/i £/ia£ 0p0 _1 (Xjj) = arf-u <g> Jijie^i, efj). 

4. (j)(T e (M r )) = T u (S 2 )m% and<f)(V e ) =T u (S 2 )®Rv(e,r). HereW* = {(x u ...,x n ) : 
Er=i x i = °) anrf ^(e ? r ) = ( e i r i, ■■■,e n r n ). 

Here 1R™ is realized as the space of row vectors with n components. 
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6 The action on the holomorphic tangent space. 



The point of this section is that T e (N r ) has a P n -invariant almost complex structure 
that descends to T e (M r ). We will compute the corresponding action of V n on the 
holomorphic tangent space. 

Define an almost complex structure J G End(T e (N r )) by 

J(5) = i] such that r/i = u x 5i,l < i < n . 

Lemma 6.1 1. J is V n -invariant. 

2. The filtration F, is invariant under J. 

Proof: The first assertion is immediate. It is also clear that T t (M r ) is invariant under 
J. It remains to check that V e is invariant under J. Suppose 5 G V e . Hence there exists 
v G 1R 3 such that Si = e^iU x v, 1 < i < n. Then J5i = u x (e^M x v ) = e(f\u x(uxv). 
Hence if we put w = u x v then 

J5i = e(r r u x w,l < i < n . 

Therefore J 5 G V e . □ 

Remark 6.2 The almost complex structure J is not the one induced by the complex 
structure on N r = YYi=i S 2 { r i)- We have changed the complex structure on S 2 (ri) to 
its conjugate for each i such that is a back-track (i.e. 6j = —1). 

We can decompose T e (N r ) ® C into the +i-eigenspace of J denoted by T e e (iV r ) and 
the — i-eigenspace denoted by T~ e (N r ). Accordingly we have 

T e e (N r ) = {5e T e (N r ) ® C : u x 8j = V^lSj} 

Similarly we denote the +i-eigenspaces of J acting on T e (M r ) <g> C and V e ® C by 
T e e (M r ) and V e e respectively. We denote the quotient T^(M r .)/V e e by T e e (M r ). Clearly 
the latter space is the +i-eigenspace of J acting on T e (M r ) <g> C. 
Now we recall that we have an isomorphism 

: T e (A> r ) -> T U (S 2 ) ® R n 

complexifying we obtain 

: T e (A> r ) ® C -> T U (S 2 ) ® R C n . 

We see that conjugates J to adu ® 1 and we have an induced isomorphism (again 
denoted by 0) 

: T:(N r ) -> T^'°(5' 2 ) ® c C n . 

Under the action of X^- transforms to \f^-\l ® ^(€^,6^). We note that 
dim c T^°(S 2 ) = 1 and we obtain a canonical isomorphism 

i> : T e e (A> r ) -> C n . 

This isomorphism has the property: 

ij(T:(M r )) = C n , <KK e ) = CMe,r). 

We have completed our computation of the action of V n . 
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Theorem 6.3 1. There is a canonical isomorphism ip : T^(N r ) — > C n 

ip induces the action of G V n on C n by \/—lJij(eiri, £jTj). 

3. C n admits a V n -invariant filtration by ip(T^(M r )) = Cg, if>(V*) = Cv(e,r). 

4- There is an V n -invariant complex structure J on T e (M r ). The induced action 
ofV n on the +i-eigenspace of J in T e (M r ) ® C corresponds to the action ofV n 
on the quotient C^/Cv (e, r). 

Here C n is realized as the space of row vectors with n components. 



7 The associated hypergeometric equation. 

As discussed in the introduction we use the linear operators Aij G End(C n ) to obtain 
a flat holomorphic connection V on the trivial T^(N r ) -bundle £ over M. = C™. The 
connection form u of V is 

Edzj — dzj . 
z ._ z . ® A «- 

l<i<j<n 1 ^ 



A (multivalued) holomorphic section of £ corresponds to a row vector F = (F 1} F n ) 
of (multivalued) holomorphic functions. The hypergeometric equation comes from the 
condition that F be parallel for the connection V: 



or equivalently 



dF = Fuj 



Zi - z 



"J 



with Xj = y/—lejTj. We will refer to ([I]) as the hypergeometric equation. 

We observe that the operators leave invariant the subspace Cq and annihilate 
the line V\ = C(Ai, A n ). We obtain a diagram of flat bundles over C": 

QxCJ — > C™ x C n 
i 

c: x c%/v x 

The monodromies of these bundles will be the representations of P n corresponding 
to the actions of V n on T e (N r ), T e (M r ), T e (M r ). 



8 Solving the hypergeometric equation by hyper- 
geometric integrals. 

Let Ai, A„ be complex numbers with Xj £ Z, 1 < j < n. Let (£, Zi, z n ) G (C n+1 )* 
and $(£,Zi, ...,z n ) be the hypergeometric integrand 
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Let x '■= X\ '■ — > C* be the character defined by x(lj) = exp(27TA/— TAj), 1 < j < n. 
Recall that {71, ...,7 n } is a generating set for F n , the free group of rank n. Here we 
identify F n with the fundamental group 7Ti(M, b), where M = C — {zi, z n }, so that 
the conjugacy class of jj is represented by a sufficiently small loop which goes once 
around Zj in the counterclockwise direction. Note that xilj) 7^ 1> 1 — 3 — n - For 
any character x : F n ^ C* we let L x be the local system over M given by 

L x = M xC/((x,z) ~ faxWz)). 

We define a multivalued parallel section a of L x by a(x) = [x, 1] (where [x, z] denotes 
the equivalence class of (x, z)). Note that the lift of a to the universal cover satisfies 

a(jx) = [jx,l] = [x,x{lY l ] = Xdy 1 ^^)- 
The following lemma is obvious: 

Lemma 8.1 The L x -valued 1-forms (j, 1 < j < n, defined by 

( j (0 = (Z-z 1 ) x K..(z-z n ) x «-^®o- 

are single-valued on M. 

Hence Q gives rise to a class [Q] in the de Rham cohomology group ~K l dR (M, L x ). 

Let 7 G Ri(M, L x -i). Let Gj be the Kronecker pairing (Cj,l) considered as 
a function of zi,...,z n . This Kronecker pairing is traditionally represented as an 
integral. To make this precise let 7 = Yli=i a * ® r «' where each a i; 1 < i < k, is a 
1-simplex and is a parallel section of C~ 1 \a i . Then (Cj,j) is given by 



Gj(z u ..,z n ) = / (f 
i=i 



We will use the following more economical notation: 

.., Z n ) = Zl) Al • • ■ (£ - ^n) A "7^ ® ^ 



7 



Now we let z = (zi, z n ) vary. Let 7r : C™ +1 — > C™ be the map that forgets the 
first component. Then tc~ 1 (z) is isomorphic to C — {zi, z n }. By |[DM , 3.13], the 



flat line bundle L x on 7r _1 (z) is the restriction of a flat line bundle L x on C™ . As 
z varies, the forms £i,...,£ n give rise to relative holomorphic 1-forms on C™ +1 with 
coefficients in L x . We recall that a relative holomorphic form on the total space E 
of a holomorphic fiber bundle p : E — > 5 is an element of the quotient differential 
graded algebra 

n*(£)/(p*n'(fl)+). 

Here Q q denotes the holomorphic g-forms and (p*Q*(B) + ) denotes the differential 
ideal in Q*(E) generated by the pull-backs to E of holomorphic forms on B of positive 
degree. A relative holomorphic g-form 77 is relatively closed if drj is in the above ideal. 
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The forms (i,... } ( n are relatively closed, hence they induce holomorphic sections 
[Cn] of the vector bundle Ti 1 over C™ with fiber over z given by 

H 1 ^)^^)). 

Precisely, [Ci](^) is the class of the 1-form Q(z) on n^ 1 (z) in the above cohomology 
group. The bundle 7i l has a flat connection, the Gauss-Manin connection, whose 
definition we now recall. Note first that a local trivialization of 7r induces a local 
trivialization of 7i l . Then a smooth section of Ti 1 is parallel for the Gauss-Manin 
connection if it is constant when expressed in terms of all such induced local trivial- 
izations. The bundle Tii of the first homology groups with coefficients in L x -i admits 
an analogous flat connection. Now let p : C™ — > C™ denote the universal cover of C™. 
We obtain a pull-back fiber bundle n : E — > C™ of n-punctured complex lines over 
and pull-back flat vector bundles Ti 1 and Hi. Choose a base-point z° = (z®, z®) 
in C™. We use M to denote C — {z®, z°} henceforth. Choose a base-point z° in 
C™ lying over z°. We may identify the fiber of TCi over z° with Hi(M, L x -i). Hence 
given 7 e H 1 (M, L x -i) there is a unique parallel section 7 of 7ii such that 7(2°) = 7. 
We can now define a global holomorphic function Gj(z) on C™ by 

Gj(z) = /(£ - ^i) Al ■ ■ ■ (£ - ^) A "-^- ® a. 

Here we have used the same notation for corresponding (under pull-back) objects on 
C™ and C". We may also write 

Gj(z) = (Mz)],1) 
where (, ) is the fiberwise pairing between Ti, 1 and lri\. We have 
Lemma 8.2 

dG t {z) = J^i / tHt^K ® 



Proof: We have 

dG,W = <VKi(z)],7> 

where V is the Gauss-Manin connection. We will need another formula for the Gauss- 
Manin connection, see [|KU|| or Remark |8.3| below. Before stating the formula we need 
more notation. Let F q Q g (E) denote the subspace of holomorphic g-forms on E that 
are multiples of pull-backs of g-forms from the base C™ by elements of 0(E). Then 
we have a canonical isomorphism (because the fibers of ff have complex dimension 1) 

dF 1 n 1 (E) + F 2 n 2 (E) 1 *' h 

Now the formula for V is 

v[Ci] = Ki]- 
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Here dQ denotes the exterior differential of d where Q is considered as a 1-form on 
E (modulo F 1 D, 1 (E)) with values in the line bundle p*L x . The symbol [dQ] denotes 
the class of dQ modulo dF 1 Q 1 (E) + F 2 Q 2 (E). The lemma follows from the formula 

j= i 3 ? 1 

together with the observation that integration over 7 factors through [ ] . □ 

Remark 8.3 The above formula for V can be proved as follows. First note that the 
formula does indeed define a connection, to be denoted V on H. 1 . To show that V 
and V agree it suffices to show they agree locally. Since they are both invariantly 
defined it suffices to prove that they agree on trivial bundles. But it is clear that in 
this case a section ofTi 1 is parallel for V if and only if it is constant. 

The proof of the next lemma is a modification of [|K1| , Proposition 2.2.2]. 

Lemma 8.4 The functions G = (G\, G n ) satisfy 

dG t , = ( X J G i ~ <IZ ' ®o- or dG T = uG T . 

. ... 

Proof: We will drop the <g)o~ for the course of the proof: 

d$ 



GAz) = / $ 



Whence by Lemma 3.2 



dGi = -J2[f A;<&(£ - Zj)-\Z - z^- x di\dz, + [ I $(£ - Zi )- 2 di]d Zi 
j=i J 7 J 7 

J2l [ - - ZiY^dzj - [ f(\i - i)$(e - zi)- 2 dt]dzi. 

■ . ■ J 'v J -y 



We simplify the first term using 

1 1 1,1 1 



to obtain 

j^i Z i Z 3 J 7 ? Zl J 7 ? Z 3 J 7 

= J2 ^^d Zj + ^^dz 3 - [ / (A» - - z t )- 2 di}d Zl . 

Now we have 

dm - = (k - - z iY 2 di + J2 Ai*(£ - - zjY'dt 
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Thus by Stokes' Theorem 

^ z i — 2 j £ — z i £ ~ z j 

A j n ST- \ _ 



hence 



y — — — Gi - y — — — Gj 
[ j (\i - i)$(e - z % r 2 di\d Zl = J2 -^-(Xi G i - a a 



We obtain 

Remark 8.5 The simplification using Stokes' Theorem above is equivalent to observ- 
ing that 

$(£ - z^dzi ® (j G F 1 !} 1 ^), 1 < z < n, 
and we worfc modulo dF 1 Cl 1 (E) in computing V. 

We now define Fj := AjGj, 1 < i < n. 

Lemma 8.6 F = (Fi, ...,F n ) is a solution of the hypergeometric equation (^). 

Proof: 

dFi = XidGi = ^ -(XiXjGi — XiXjGj) = 

— Xj(XjGj) — Xi(XjGj^ 



^ { X j F t -X i F j ) d ^-^l. □ 



Z{ Zj 



We have proved 



Theorem 8.7 Let 7 be an element o/Hi(M, L x -i) and a a flat multivalued section 
of L x . For X = (Ai, A n ) G C n define a holomorphic function on C™ by 



F t := X t /(£-2i) Al ...(£-* n 
J7 



(7. 



6 - *i 

TTien F = (Fi, ...,F n ) zs a solution of the hypergeometric equation. 
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9 The monodromy representation of the hyperge- 
ometric equation and the action on homology. 

We have seen that for 7 6 H^M, L x -i) we obtain a solution S = ...,F n ) of the 
hypergeometric equation by the formula 

Fi := A,, /(£ - ^) Al . . . (£ - * n ) A ™-^- ® ^ 
It is important to recall that 5^i=i Aj = 0. The differential forms 

Vj = A,(£ - ^i) Al . . . (£ - ^"-3- ® o 

are de Rham representatives of the cohomology classes [77^] , 1 < j < n, in H 1 (M, L x -i). 
Note that 

- Zl) Al • • • ^ - ^) A " ® (7) = + ■ ■ ■ Vn 

hence we have the relation 

[Vi] + ■■■ + [Vn] = (2) 



Lemma 9.1 The span of the cohomology classes [rjj], 1 < j < n, has dimension n — 1. 

Proof: First since YTj=i Aj = we have x(7i72 ■ • • In) = 1- Thus L x extends to a flat 
line bundle over CP 1 — {z\, . . . , z n }. Also, rjj extends meromorphically over infinity 
with a simple pole at infinity. 

Next we extend the flat line bundle L x to a holomorphic line bundle C ho1 on CP 1 
so that (£ — -2j) Aj <S> cr is a local basis around Zj. Then (£ — zi) Al . . . (£ — z n ) An <8> cr is 
a holomorphic section of £ feo ' which has no zeroes or poles. 

We can now prove the lemma. We have a flat line bundle L x over M (with trivial 
monodromy around 00). The argument of [pM| , §2.7] proves that we can compute the 



group H^M, L x ) as the 1-st cohomology group of the complex (r2 , (CP 1 , *D, L x ), d) 
of holomorphic L x - valued forms on M which have at worst poles at Zi, z n , 00. Here 
the (additive) divisor D is defined by D = z± + ...+z n + oo. Now rjj e fi^CP 1 , *D, L x ) 
and 

ft (CP 1 , *L>, L x ) = {/$ <g> cr : so that / has at worst poles at D}. 

First note that Span(rji, ...,r] n ) C fi 1 (CP 1 , *D, L x ) has dimension n since the forms 
rjj have singularities at distinct points of C. 

Suppose that there exists /$ ® cr G fi^CP 1 , *D, L x ) and Ci, c n such that 

d(/$ <g> cr) = Cl?7l + ... + C n 7] n . 

We claim that / cannot have any poles. Indeed, assume / has a pole of order k > 1 
at Zi. Then 
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We are assuming 

n 

df<$> + /d$ = °iVi 

8=1 

or 

n n 

+ (/ E 73-^)* = E ( 3 ) 

i=i * ^ <=i 

Equating the coefficients of (£ — z^) - * 1-1 in the equation (|) from each side we obtain 
— kc + XiC = 0, or Aj = fc. This contradicts the assumption that each A* is pure 
imaginary. It remains to check that / is not a polynomial. Assume / has a pole of 
order k > 1 at oo, whence /(£) = a + ai£ + ... + a^. We equate the coefficients 
at £ fc_1 <i£ on each side of (0) to obtain /ca fc + (J^ILi ^i) a fc = or fca^ = 0. This 
contradiction proves the claim. Hence / = c and hence 

n 

i=l 

which means that the dimension of the subspace of coboundaries in Span(rji, ...,r] n ) 
is 1. □ 

In the group cohomology computations that follow 71, ...,j n will be a generating 
set of ¥ n and bi,...,b n will be its image under abelianization in Z™. Here the loop 
representing 7$ is obtained by connecting the small circle dj going around to the 
base-point *gC- {zi, z n }. We recall that P n acts on F n preserving the conjugacy 
classes of the generators 7^. Hence the induced action on Z n is trivial and P n fixes 
any character x : F n — >• C*. Hence P n acts on H 1 (F n , C x ). Here we let C x denote the 
1-dimensional space on which F n acts via %■ We next need 

Lemma 9.2 Suppose that \ : ¥ n — > C* satisfies xili) 1 / or a ^ T/ien 
dimcH 1 (F n , C x ) = n — 1. 



Proof: The Euler characteristic £'(F n , Ci) = 1 — n. Hence E(W n ,C x ) = 1 — n. On 
the other hand, H°(F„, C x ) = 0. □ 

Corollary 9.3 G?imcHi(M, L x -i) = n — 1 and the classes [771], [Tfo-i] /orm a frasis 
/or H^M, L x ) 



We can construct an explicit basis w±, u> n _i for Hi(M, £ *) following |PM| , §2] 



as follows. We write u>j = 7$ ® o~i + 7^+1 <8> CTj+i, where o~i, o~i+i are multivalued flat 
sections along 7^ 74+1 respectively and the jump experienced by o~i (at the base-point) 
after parallel translating along 7, cancels that of o~j + i along 74+1 . 
Define flat sections 1 < i < n — 1, of C" x Cq by 

Si := (Sn, ...,S in ), where Sij = Xj rjj. 

Juii 

We see then that Si, S n -i are multivalued parallel sections of C™ x Cq. 
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The desired representation p : P n — > Aut(Co) is obtained by parallel translation 
of S±, S n -i along loops in C™. The resulting automorphisms leave invariant the 
line CA where A = (Ai, A n ). 

Before stating the main result of this section we need to define a special class 
Woo m Hi(M, L~ l ). Let C C be a circle whose interior contains all the punctures 
Zi, z n . Since Ai + . . . A n = 0, the monodromy of L" 1 around is trivial. Hence 
there is a nonzero parallel section cr v of L~ 1 |a 00 . We let be the homology class 
represented by <8> o" v . 

Let t \ P n — > AutH\(M, L~ r ) be the homomorphism induced by the inclusion 
P n C Aut(¥ n ) (recall that P n acts trivially on the sheaf of parallel sections of L^ 1 ). 

Lemma 9.4 (1) f w rji = — \, in particular ^ 0. 
(2) The class m] m is fixed by P n . 

Proof: To prove (1) we apply the residue theorem and note that 

*(£,*)| € =oo = l 

and the residue of (£ — zi)" 1 ^ at ^ = oo is — 1. To verify (2) we identify P n with a 
subgroup of the mapping class group of M. Then we choose representatives for the 
elements of P n so that they act by the identity on the closure of the exterior of the 
circle a^. □ 
We now have 

Theorem 9.5 (i) The monodromy representation of the flat bundle C" x Cq is equiv- 
alent to T. 

(ii) Under the above equivalence the invariant line V\ C Cq corresponds to the 
line Cwoo C Hi(M, C' 1 ). 

(Hi) We obtain an induced equivalence of the monodromy representation o/C" x 
Cq/Va and the induced action of P n on Hi (CP 1 — {zi, z n }, L~ l ). 

Proof: We have an isomorphism \1> from H^M, L^ 1 ) onto the space of parallel sections 
on C™ x Cq given by fy(w) = S w where 

S w = ( Vi,--, Vn) = (dm], w),... ,{[rj n ],w)). 

J w J w 

We claim that ^ intertwines the representations r and p (see above) of P n . The 
monodromy representation p : P n — > Au^Cq) is defined by 

S w (g~ l z) = S w (z)p(g). 

In order to go further we will need to lift the P n action on C™ to the total space 
of 7T : E — > C™. We note that from the fiber bundle 7r : C™ +1 — > C" we get an 
exact sequence F n — > P n+ i — > P n . We may split this sequence by mapping P n to the 
subgroup of P n+ \ which consists of those elements that do not involve the first string 
of a braid - recall that ir forgets the first point. Let C" +1 be the universal cover of 
C™ +1 . Then P n+1 acts on C; t+1 . But E = C^ +1 /F„, whence P n = P n+1 /¥ n acts on 
E as the group of deck transformations of the cover E — > C™ +1 , and we obtain the 



18 



required lift g of elements g G P n to Aut(E). We now can give a formula for the 
monodromy representation r, namely 

w(gz) = ^.r(flf) -1 tZ;(«) 

or 



We can now prove the claim. Observe that since rji is an invariantly defined 1-form 

Vi(gz) = {g~ l )*m{z) 



with values in L x on C" +1 we have 



or 

-i 



Hence 



S w (z)p(g) = S w (g l z) = ( / r} X {g 1 z),..., / rj n (g l z)) 

Jw(g~ 1 z) Jw(g~ 1 z) 

( / 9*Vi(z),..., 9*Vn(z)) = 

J 9* 1 T~{g)w(z) J g, 1 r(g)w(z) 



Vl(z),-, / Vn(z)) 
r(g)w(z) Jr(g)w(z) 

and the claim is proved. Hence (i) follows. 

To verify (ii) it suffices to observe that S Woa = (— Ai, . . . , — A n ), which follows from 
Lemma |9]4]. From (i) and (ii) we deduce that the monodromy representation of V on 
C n /V\ is equivalent to the action of P n on Hi(M, £ )( : 1 )/Cw 00 . But it is clear from the 
exact sequence of the pair (M, CP 1 — {zi, z n }) that we have a natural isomorphism 
Hi(Af, C- l )/C Woa s H^CP 1 - {z u z n }, C- 1 ). □ 

Remark 9.6 5*mce we have seen that T e (M r ) contains an invariant line, the corre- 
sponding representation of P n must be on H%(M, C" 1 ), not on H 1 (M, C) (the latter 
has an invariant hyperplane) . 

10 The Gassner Representation. 



We will follow [|B| and ||Mo|| for our treatment of the Gassner representation. We 



begin with a quick review of the Fox calculus. 

Let G be a finitely generated group and M a G-module. Let C[G] be the group 
ring. 

Definition 10.1 A derivation D : C[G] — > M is a C-linear map satisfying 

D(fh) = (D(f))e(h) + fD(h) 

where e : C[G] — > C is the augmentation. We let Der(G, M) denote the space of 
derivations. 
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Remark 10.2 The restriction of each derivation D to G is a 1-cocycle 5 £ Z 1 (G, M). 
Conversely, given a 1-cocycle 5 £ Z 1 (G,M) we define a derivation D by 

n n 

Di^Cigi) = ^Cidigi). 

i=l i=l 

Thus Der(G, M) and Z l (G,M) are canonically isomorphic. We will identify them 
henceforth. 

In the case G is the free group F n on the generators {xi, ..,x n } there is a unique 
derivation £ Der(¥ n , C[F n }) given by 

d 

— (xj) = d i:j , 1 < i,j < n. 

Then Der{¥ ni C[F n ]) is free over C[F n ] with the basis . . . , Note that the pro- 
jection p : ¥ n — > Hi(F n ) = Z" induces a ring-homomorphism p : C[F n ] — > C[Hi(F n )] 
and a push-forward map on derivations 

p, : Der(F n , C[F„]) -> -Der(F n , C[Hi(F n )]). 

We may identify C[Hi(F n )] with the C-algebra C of Laurent polynomials in ti, ...,t n 

; 8a:i ' ' ' ' ' * 9x 



The space Der(F n , C) is free over C with the basis p*jf-, . . . ,p*jf-- We will drop p* 



henceforth. 

The main point in the construction of the Gassner representation is that there is 
a homomorphism o : P n Aut(¥ n ). This homomorphism is described in terms of 
formulas in |B^, Corollary 1.8.3]. There is an elementary description of a in terms of 
"pushing a loop along the braid", see ||Mo| , Page 87]. In both cases the action of P n 
on F n is a right action, i.e. there is a such that a(pip 2 ) = o'(p 2 )d'(pi). Therefore, the 
homomorphism o is actually given by a(p) := Next we note that we have an 

action of P n on Der(F n , £): 

g-D(x) =D(a(g)- 1 x). 

Since P n acts trivially on C, g ■ D is still a derivation and the operator g- is £-linear. 

Remark 10.3 In $3% and \Mo\j the action of P n on Der(¥ n , C) is defined by g * 
D(x) = D(a(g)x). But a(g) = o-(g)" 1 and hence g ■ D = g * D . The composition of 
two right actions is a homomorphism! 

We can now define the Gassner representation. 

Definition 10.4 The Gassner representation p : P n — > Autc{Der(¥ n , £)) assigns to 
each g £ P n the operator g- on Der(¥ n , £), where Der(¥ n , C) is considered as a free 
L-module of rank n. 



It is traditional to represent p(g) as an element (a^-) of GL n (C) using the basis 
B], Page 119], fKTJ, Page 194]: 



9 8 gee 

dxi ' ' ' ' ' dx n ' 



an = -^rO-{g)xi\ Xi=ti . 
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The Gassner representation is reducible. We will see shortly that Der(¥ n , C) 
contains the P n -fixed line B 1 (¥ n ,£) and the P n -invariant hyperplane Der(T n , C). 
The line does not intersect the hyperplane, nor it is complementary to it (C is not a 
field). We begin by describing the line. 

We have seen that Der(¥ n ,£) = Z 1 (¥ n ,£). Consequently, Der(¥ n ,£) contains 
B 1 (¥ n ,£), the Eilenberg-MacLane 1-coboundaries. Since C°(¥ n ,£) = £ and P n acts 
trivially on £, P n will also act trivially on -B 1 (F„, £). 

Lemma 10.5 B 1 {¥ n) £) is a free rank 1 submodule of Z 1 (¥ n ,£) with the basis 
Proof: Recall that the coboundary 5 : C°(¥ n , £) — > C 1 (¥ n , £) is given by 

s£( Xi ) = e-x i £ = £-t i e = (i- ti)e 

But (1 - U)l = £51{xi), thus 5 is £-linear and B 1 (¥ n , C) = £{51). We conclude by 
observing that 

We now describe the hyperplane. The element = x\ . . . x n G F n is fixed by P n . 
We define 

Der(¥ n ,Cr ■= {D E Der(¥ n ,C) ■ D Xoo = 0} 

Lemma 10.6 (i) Der(¥ n , C)°° is a free summand of Der(¥ n , C) of rank n — 1. 

(ii) The quotient map ¥ n — > T n induces an isomorphism Der(T n ,C) — > 
Der(¥ n , of P n -modules. 

Proof: Let {yi, ...,y n } be the basis for ¥ n given by yj = X\ . . . Xj, 1 < i < n. Then 
Der(F„, £) is free on ^, . . . , ^- and Der(¥ n , is free on ^, . . . , The 
statement (ii) is clear. □ 

Definition 10.7 The reduced Gassner representation is the restriction of the action 
ofP n from Der(¥ n ,C) to Der{T n ,C): 

p:P n ^Aut c (Der(T n ,C))- 

We may represent p(g), g G P n as elements of GL n _i(£) relative to the basis 
t^j-, . . . , - . Observe that _B 1 (F n , C) does not intersect Der(T w £), indeed 

^l^oo) =l(l-t 1 ...t n ) 7^0. 

Remark 10.8 PFe will see below that there exist homomorphism images of 
Der(¥ n , C) such that the image of B 1 (¥ n , C) is contained in the image of Der(T n , £). 
Hence B l (¥ n ,C) is not a complement to Der(T n , £). 

Note also that there is a representation of P n on H 1 (F„, C) = Z 1 (¥ n , C)/B 1 (¥ n , C). 
We do not know whether or not H 1 (F„, C) is a free £-module. 
We now have 
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Definition 10.9 Let a = (aii, a n ) with aj G C* ; 1 < j < n and M. be an C- 
module. Then the specialization M a of M at a is defined by M a = M®c C a . 

Here C a is the complex line equipped with the C-module structure Uz = ouz, z6C. 

More concretely, M. a is the quotient of M. by the submodule of elements {(tj — 
otj)m, 1 < j < n, m e M.}. 

Suppose that T e End c (M). Then T induces an element T a = T<8>1 of End(M a ). 
Now assume that Ai is free on mi, m n . Then mi <g> 1, m n ® 1 is a vector space 
basis for Ai Q . The matrix of T a relative to this basis is obtained from a matrix of T 
relative to mi, ...,m„ by substituting ctj for tj, 1 < j < n. 

Now we return to the case in hand. We have Ai, \ n with Ai + ... + A n = 0. 
Define aj := e 27rjAj , 1 < j < n; whence a\...a n = 1. 

Lemma 10.10 Suppose that a = (a±, ...,a n ) satisfies ct\...a n = 1. Then in the 
specialization Der(F n , £) a the image of the fixed line B 1 (¥ n ,C) is contained in the 
image of the invariant hyperplane Der(T n , C) . 

Proof: SI^Xoq) = 1 — a\...a n = 0. □ 

Corollaryl0.ll The specialization Der(T n ,C) a contains a P n -fixed line 
B\¥ n ,C) a . 

Now we observe that Z l {¥ n , C) a = 2' 1 (F n , C x ), the group of 1-cocycles with values 
in the 1-dimensional module defined by x( x j) — a j, 1 < i < ^- Moreover 

Z 1 (r„, C) a = Z 1 (T n ,C x ), 

the group of C x -valued 1-cocycles that annihilate Xoo and 

B\¥ n ,C) a = B\T n X x )- 

We obtain 

Proposition 10.12 Suppose a = (a±, ...,a;„) satisfies a\...a n = 1. Then the special- 
ization of the reduced Gassner representation at a contains a P n -invariant line. The 
quotient of the representation of P n by this line is H 1 (r„,C x ). 

Theorem C follows. 

References 

[ABC] J. Amoros, M. Burger, K. Corlette, D. Kotschick, D. Toledo, "Fundamental 
groups of Kahler manifolds", AMS Mathematical Surveys and Monographs, 
Vol. 44, 1996. 

[Bi] J. Birman, "Braids, links and mapping class groups", Ann. of Math. Studies, 
Vol. 82 (1975), Princeton Univ. Press. 



22 



[C] P. Cartier, Developpements recents sur les groupes de tresses. Applications a 
la topologie et a I'algebre, Seminaire Bourbaki, 42eme annee, 1989-90, N 716, 
pp. 17-77. 

[DM] P. Deligne, G. Mostow, Monodromy of hypergeometric functions and non- 
lattice integral monodromy, Publications of IHES, Vol. 63 (1986) p. 5- 90. 

[H] R. Hartshorne, "Algebraic geometry" , Springer Verlag, 1977. 

[I] Y. Ihara, Automorphisms of pure sphere braid groups and Galois represen- 
tations, Grothendieck Festschrift, Vol. II, Progress in Math., Birkhauser, p. 
353-373 (1990). 

[KO] N. Katz, T. Oda, On the differentiation of de Rham cohomology classes with 
respect to parameters, J. Math. Kyoto Univ., Vol. 8 (1968), p. 199-213. 

[Kl] T. Kohno, Linear representations of braid groups and classical Yang-Baxter 
equations, Contemporary Math., Vol. 78 (1988), pp. 339-363. 

[K2] T. Kohno, Serie de Poincare-Koszul associee aux groupes de tresses pures, 
Inv. Math., Vol. 82 (1985) pp. 57-75. 

[Kly] A. Klyachko, Spatial polygons and stable configurations of points on the pro- 
jective line, In: "Algebraic geometry and its applications (Yaroslavl, 1992)", 
p. 67-84. 

[KM] M. Kapovich, J. J. Millson, The symplectic geometry of polygons in Euclidean 
space, Journal of Diff. Geometry, Vol. 44 (1996) p. 479-513. 

[Lo] D. D. Long, On the linear representation of the braid groups, Trans, of Amer. 
Math. Soc, Vol. 311 (1989), pp. 535-560. 

[Mo] S. Moran, "The mathematical theory of knots and braids. An introduction", 
North-Holland, Mathematics Studies, Vol. 82, 1983. 

Michael Kapovich: Department of Mathematics, University of Utah, Salt Lake City, 
UT 84112, USA ; kapovich@math.utah.edu 

John J. Millson: Department of Mathematics, University of Maryland, College Park, 
MD 20742, USA ; jjm@math.umd.edu 



23 



